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1. Prove or disprove the following statements with proper justification. [

4]

(a) Let G be a simple graph with more than 3 vertices such that for each vertex v, deg(v) > 7.

Then G is connected.

Solution. By Dirac’s theorem, G has a Hamiltonian cycle. Hence GG is connected. [

2]

b
(b) The set S = { ( ab _> | a,be (C} is a field under matrix addition and matrix multipli-
a

cation.

Solution. The set S under matrix multiplication is not commutative, hence is not a field.
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2. Using generating function, find the number of non-negative integer solutions of a+b+c+d+e

27, satisfying 3 < a, b, ¢ < 8, and others > 0. [
Solution The generating function for a, b, c each is 23 + 2% + -+ + 2% = x?’(ll’_"’f) [
The generating function for d, e each is 2° 4+ 2 + 22 4 -+ - = . [
Thus the generating function of the problem is
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3. A population evolves according to the following rule: at the end of each hour, the population

becomes the sum of its population in the previous hour and twice its population two hours

earlier, and then 3 new individuals are added. Initially (at 0 hours), the population is 2, and

after 1 hour, the population is 5. 6]

(a)

()

Form a recurrence relation to model the population after n hours.

Solution. Let a,, denote the population at n hours. Then the recurrence relation is
p = Qp_1+ 20,9 +3, a=2, a; =5. 2]

Solve the recurrence relation to obtain the population after n hours.

Solution. The characteristic equation of the relation is 7> — r — 2 = 0. This gives
r=2,—1. Hence ail) = ¢,2" 4 ca(—1)™. 1]
Note that F(n) = 3.1". So a particular solution is a'? = k.1" = k. This gives k = -2 1

Thus the general solutions is a,, = ¢;2" + co(—1)" — %

From the initial conditions, ¢; = ¥ and ¢, = 2. 2 x 4]
So, the population after n hours is a,, = 13—0.2" + %.(—1)" — %

What is the population after 10 hours?

Solution. a;g = 5120 — 3 ~ 5118 1]

4. Construct a simple Eulerian graph on 10 vertices that contains the Petersen graph as a sub-

graph. 3]

Solution.




5. Construct all the non-isomorphic graphs with 5 vertices and 3 edges. [4]

Solution. There are 4 such graphs. [4 x 1]

6. Let G be a connected graph with 13 vertices and 76 edges. Show that G is Hamiltonian. Is G
also Eulerian? Explain. 5]

Solution. A graph on 13 vertices can have at most (123) =78. Thus G = K3\ {e1, ea}.

Hence the minimum degree in G is §(G) > 12 — 2 = 10. 2]

Recall the Dirac’s theorem, a graph with n vertices is Hamiltonian if degree of each vertex is

> 1,

Since 0(G) > 10 > 12—3 = 6.5, G is Hamiltonian. 1]

The graph G need not be Eulerian as G' can be obtained from K3 by deleting two edges in

such a way that G has four vertices of degree 11. 2]
7. Consider the following graph G. 8]

a b




(a) Find the radius and center of G.

Solution. Note that e(a) = e(b) =e(c) =e(d) =e(e) =2 and e(f) =1 [1].

Thus the radius of G is r(G) = min{e(v) |v € V(G)} = 1. [1/2]

Hence the center of G is C(G) = V(G) = {f}. [1/2]
(b) Find the girth and circumference of G.

Solution. The girth of G is g(G) = 3, consider the cycle Cs(a, e, f). [1/24+1/2]

The circumference of G is 6, consider the cycle Cy(a, c, e, f, b, d). [1/24+1/2]

(¢) Determine whether the graph G is Eulerian, Hamiltonian, or planar. Give a proper justi-
fication.

Solution. G is not Eulerian as there is a vertex in G having odd degree, consider the

vertex b. 1]
G is Hamiltonian, consider the cycle Cg(a, ¢, e, f,b,d). 1]
(G is planar, see the below planar drawing of G. 2]

8. Consider the group U(10) = {1, 3,7,9} under multiplication modulo 10. [4]

(a) Find the inverse of every non-identity element.
Solution. 371 =7, 71 =3, and 97! =9, 1]

(b) Find the order of every non-identity element.
Solution. Since 4 is the least positive integer s.t. 3* = 1 and 7* = 1. Hence o(3) = o(7) =
4. Similarly o(9) = 2. 1]

(c) Is the group cyclic? If yes, write all the generators.
Solution. Yes. Since U(10) =< 3 >=< 7 >. Thus the generators are 3 and 7. 2]



